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CLASSICAL AND QUANTUM INTEGRABILITYMAURICIO D. GARAY AND DUCO VAN STRATENAbstra
t. It is a well-known problem to de
ide if a 
lassi
alhamiltonian system that is integrable in the Liouville sense, 
anbe quantised to a quantum integrable system. We identify the lo-
al obstru
tion to do so and show that it vanishes under 
ertain
onditions. Introdu
tionLet M be an open subset of the 
omplex symple
ti
 manifold T ∗Cn ≈C2n and 
onsider an integrable system f : M −→ S, i.e., the �bres ofthe morphism f are of pure dimension n and the restri
tion of the sym-ple
ti
 form to the smooth lo
us of any �bre vanishes. If we take lo
al
oordinates on the base, an integrable system is given by holomorphi
fun
tions f1, . . . , fk : M −→ C whose Poisson bra
kets vanish pairwise:
{fi, fj} = 0, 1 ≤ i, j ≤ kand any other holomorphi
 fun
tion 
ommuting with the fi is a fun
-tion of them. A basi
 question is the following: does there exist aquantum integrable system whose 
lassi
al limit is the given 
lassi
alintegrable system? In other words, we ask for the existen
e of 
om-muting ~-di�erential operators F1, . . . , Fk whose prin
ipal symbols arethe given f1, . . . , fk. This question makes sense both in the algebrai
,in the holomorphi
 and in the real C∞ setting.In this paper, we atta
h to f a 
ertain 
omplex C ·

f onM , together witha 
ertain anomaly 
lasses χ ∈ H2(C ·
f) that are obstru
tions to extendthe quantisation to the next order in ~. The quantisation problem 
anbe solved provided that all these 
lasses vanish [20℄.Be
ause of the 
lose relation between the 
omplex C ·

f and the relativede Rham 
omplex Ω·
f , the anomaly 
lass is of topologi
al nature andvanishes under reasonable topologi
al 
onditions on the map f .The anomaly 
lasses 
an be also de�ned for general involutive sys-tems but in that 
ase, we were not able to prove any quantisationDate: February 2008.Key words and phrases. mi
ro-lo
al analysis, non-
ommutative geometry.2000 Mathemati
s Subje
t Classi�
ation: 81S10.1

http://arXiv.org/abs/0802.1647v1


2 MAURICIO D. GARAY AND DUCO VAN STRATENproperty. There is a 
onsiderable literature on the subje
t of quantisa-tion, going ba
k to early days of quantum me
hani
s, but we will nottry to give a 
omplete overview in this paper. Quantum integrabilityis regarded sometimes as a remarkable fa
t and sometimes -based onheuristi
 arguments- as the general rule [11, 16℄. It seems that theresults and the 
onstru
tions of this paper 
an be extended to Poissonmanifolds but we did not 
he
k all details.1. The quantisation theorem1.1. The Heisenberg quantisation. The deformation Q = R[[~]] ofthe polynomial ring R = C[q1, . . . , qn, p1, . . . , pn] = C[q, p] is an asso-
iative algebra for the normal produ
t
f ⋆ g := e

~
P

i ∂pi
∂q′

if(q, p)g(q′, p′)|(q=q′,p=p′)and de�nes a �at deformation of R over C[[~]] [15℄. The relation
p ⋆ q − q ⋆ p = ~shows that the map whi
h sends p to ~∂x and q to the multipli
ation by

x indu
es an isomorphism of this algebra with the algebra C[x, ~∂x][[~]]of di�erential operators generated by ~∂x and x depending on a param-eter ~.More generally, one 
an 
onsider a �eld K and an algebra A whi
h is a�at deformation over K[[~]] of a 
ommutative ring B. This means that
A has the stru
ture of a K[[~]]-algebra, su
h that(1) A/~A = B,(2) A = lim←−A/~

lA(3) multipli
ation by the 
entral element ~ is inje
tive.Su
h an algebra will be 
alled a quantisation of the ring B. The quan-tisation Q des
ribed above will be 
alled the Heisenberg quantisationof R.This situation is summarised by the diagram
A

~ // A // BK[[~]]
~ //

OO K[[~]] //

OO KOOThe formula for the normal produ
t de�nes Heisenberg quantisationfor the following rings in a similar way:(1) Ran = C{q1, . . . , qn, p1, . . . , pn} the ring of holomorphi
 fun
tiongerms at the origin in T ∗Cn ,



CLASSICAL AND QUANTUM INTEGRABILITY 3(2) Γ(U,OT ∗C) the ring of holomorphi
 fun
tion in an open subset
U ⊂ T ∗Cn,(3) R∞ = C∞

2n the ring of C∞ fun
tion germs at the origin in T ∗Rn,(4) Γ(U,C∞
T ∗Rn) the ring of C∞ fun
tion germs in an open subset

U ⊂ T ∗Rn.These rings are stalks or global se
tion of sheaves, the notion of quan-tisation admits a straightforward variant for sheaves.These notions are of 
ourse 
lassi
al, going ba
k to the early days ofquantum me
hani
s when Born, Heisenberg, Jordan and Dira
 pro-posed to repla
e the 
ommutative algebra of hamiltonian me
hani
s bythe non-
ommutative one over the Heisenberg algebra [3, 5℄ (see also[19℄). The approa
h of star produ
ts was introdu
ed in the more general
ontext of symple
ti
 manifolds by Bayen-Flato-Fronsdal-Li
hnerowi
z-Sternheimer [2℄ (see also [6℄). The link between both approa
hes wasre-phrased into modern terminology by Deligne [4℄.1.2. The quantisation problem. We 
onsider the following prob-lem:Let A be a quantisation of a ring B and let f1, . . . , fk be elements inthe ring B. Under whi
h 
ondition 
an we �nd 
ommuting elements
F1, . . . , Fk in A su
h that Fi = fi mod ~?In su
h a situation, we 
all F1, . . . , Fk a quantisation of f1, . . . , fk. Fromthe point of view of naive quantum me
hani
s, this would mean if it ispossible to measure simultaneously the quantities F1, . . . , Fk.There is an obvious obstru
tion to perform a quantisation of f1, . . . , fkthat we shall now explain.The 
anoni
al proje
tion σ : A −→ A/~A = B is 
alled the prin
ipalsymbol. The result of 
ommuting two elements F,G ∈ A is divisibleby ~ and its 
lass mod ~

2 only depends on the symbols f = σ(F )and g = σ(G). In this way, one obtains a well-de�ned Poisson algebrastru
ture {−,−} on B by putting
{f, g} :=

1

~
[F,G] mod ~Re
all that this means that this bra
ket satis�es the Ja
obi-identity andis a derivation on B in both variables. For the Heisenberg quantisation,we get the standard formula

{f, g} =

n∑

i=1

∂pi
f∂qig − ∂qif∂pi

g.



4 MAURICIO D. GARAY AND DUCO VAN STRATENFor the answer to our question to be positive, we need that the Poissonbra
kets of the fi's vanish. This justi�es the following de�nition.Definition 1. A 
olle
tion of elements f = (f1, . . . , fk) of a Poisson al-gebra B is 
alled an involutive system if the elements Poisson-
ommutepairwise.Our question 
an be made more pre
ise:Let A be a quantisation of a ring B and let f = (f1, . . . , fk) be aninvolutive system in the ring B. Under whi
h 
onditions 
an we �nd
ommuting elements F1, . . . , Fk in A su
h that Fi = fi mod ~?We shall provide an answer only for integrable system. For the symple
-ti
 
ase, we mean the following. The 
hoi
e of elements f1, . . . , fk ∈ B(involutive or not) indu
es in B a K[[t]] := K[[t1, . . . , tk]]-algebra stru
-ture on B de�ned by
tim := fim.Definition 2. An involutive system f = (f1, . . . , fn), fi ∈ R =C[q1, . . . , qn, p1, . . . , pn] is 
alled an integrable system if it de�nes a �atK[[t]]-algebra.We will formulate a su�
ient 
ondition for the quantisation of inte-grable systems.1.3. The 
omplex C ·

f . Let B be a 
ommutative Poisson algebra overa �eld K and let f = (f1, . . . , fk) be an involutive system. Consider the
omplex with terms
C0
f = B, Cp

f :=

p∧
Bkand the K-linear di�erential δ : Cp

f −→ Cp+1
f is de�ned by

δ(mv) =

k∑

j=1

{fj, m}v ∧ ej ,where e1 = (1, 0, . . . , 0), . . . , ek = (0, . . . , 0, 1) denotes the 
anoni
albasis in Bk, v ∈ ∧pBk and m ∈ B.Note that the di�erential in the 
omplex (C ·
f , δ) is K[t]-linear and not

B-linear. As a result, the above 
ohomology groups have the stru
tureof K[t]-modules de�ned by
ti[m] := [fim]where [m] denotes the 
ohomology 
lass of the 
oboundary m. The
ohomology module of the 
omplex (C ·

f , δ) will be denoted by Hp(f).



CLASSICAL AND QUANTUM INTEGRABILITY 51.4. Statement of the theorem. The main result of this paper isthe following theorem.Theorem 1. Let f = (f1, . . . , fn), fi ∈ R = C[q1, . . . , qn, p1, . . . , pn]be an integrable system. If the module H2(f) is torsion free then theintegrable system f is quantisable, i.e., there exists 
ommuting elements
F1, . . . , Fn ∈ Q = R[[~]] su
h that Fi = fi (mod ~).Analogous results hold for the rings Ran, R∞,Γ(U,OT ∗Cn),Γ(U,C∞

T ∗Rn),if we assume that the map f satis�es the af -
ondition [18℄. The module
H2(f) is torsion free in all 
ases known to the authors, this will be partof a forth
oming paper.2. Anomaly 
lasses and topologi
al obstru
tions2.1. Cohomologi
al obstru
tion to quantisation. Let us 
omeba
k to the general problem of quantising an involutive system given aquantisation A of a ring B.We have seen that a quantisation of B indu
es a Poisson algebra stru
-ture on it. The K[[~]]-algebra A is itself a non-
ommutative Poissonalgebra, the Poisson bra
ket being de�ned by the formula

{F,G} =
1

~
[F,G].In fa
t, the non-
ommutative algebras obtained by higher order trun-
ations

Al := A/~l+1A, l ≥ 0also admit Poisson algebra stru
tures. The Poisson bra
ket in Al isde�ned by
{σl(F ), σl(G)} = σl(

1

~
[F,G])where σl : A −→ Al denotes the 
anoni
al proje
tion. In the sequel,we abusively denote these di�erent Poisson bra
kets in the same way.From the �atness property, one obtains exa
t sequen
es

0 // B // Al+1
// Al // 0indu
ed by the identi�
ation

~
l+1Al+1 ≈ B~

l+1/~l+2 ≈ B.We will use this identi�
ation without further mention.We try 
onstru
t quantisations of an involutive system f = (f1, . . . , fk)order for order in ~.



6 MAURICIO D. GARAY AND DUCO VAN STRATENDefinition 3. An l-lifting of an involutive system f = (f1, . . . , fk),
fi ∈ B is a 
olle
tion of Poisson 
ommuting elements F = (F1, . . . , Fk),
Fi ∈ Al, su
h that the prin
ipal symbol of Fi is fi.Consider an arbitrary l-lifting F of our involutive mapping f . Takeany elements G1, . . . , Gk ∈ Al+1 whi
h proje
t to F1, . . . , Fk. As the
Fi's Poisson 
ommute in Al, we have

{Gi, Gj} = χij~
l+1Proposition 1.(1) The element χ(G) :=

∑
χijei ∧ ej de�nes a 2-
o
y
le in the
omplex C ·

f ,(2) its 
ohomology 
lass χ(G) depends only on the l-lifting F andnot on the 
hoi
e of G.Proof. Write
χ(G) =

∑

i,j≥0

χijei ∧ ej, χij ∈ Bwith ~
l+1χij = {Gi, Gj}.We have

δχ(G) =
∑

i,j,l≥0

vijlei ∧ ej ∧ elwith ~
l+1vijl = ~

l+1{χij, fl} = {{Gi, Gj}, Gl}. Therefore the Ja
obiidentity implies that vijl + vlij + vjli = 0. This proves that χ is a
o
y
le.Now, take G̃1, . . . , G̃k ∈ Al+1 whi
h also proje
t to F1, . . . , Fl, then
G̃j = Gj + ~

l+1mj for some m1, . . . , mk ∈ B. Consider the 2-
o
y
le
χ(G̃) =

∑
χ̃ijei ∧ ej asso
iated to G̃. One then has:

{Gi + ~
l+1mi, Gj + ~

l+1mj} = χij~
l+1 + ~

l+1({fi, mj}+ {mi, fj}).We get the equality χ(G̃) = χ(G) + δ(m) where m =
∑k

i=1miei =
(m1, . . . , mk), therefore the 
ohomology 
lass of χ(G) depends only on
F and not on G. This 
on
ludes the proof of the proposition. �Definition 4. The 
ohomology 
lass χF := [χ(G)] ∈ H2(f) is 
alledthe anomaly 
lass asso
iated to the l-lifting F .Summing up our 
onstru
tion one has the following result.Proposition 2. Let f = (f1, . . . , fk) be an involutive map. An l-lifting
F = (F1, . . . , Fk), Fi ∈ Al of f extends to an (l + 1)-lifting if and onlyif the anomaly 
lass χF ∈ H2(f) vanishes.



CLASSICAL AND QUANTUM INTEGRABILITY 7Proof. Take G1, . . . , Gk ∈ Al+1 whi
h proje
t to F1, . . . , Fk ∈ Al. Theanomaly 
lass χF ∈ H2(f) vanishes, thus there existsm ∈ Rn su
h that
χ(G) = δm with m =

∑
miei = (m1, . . . , mk). The map G− ~

l+1m isan (l + 1)-lifting of f .Conversely assume that the l-lifting F admits an (l+1)-lifting G, then
χ(G) = 0 and a fortiori its 
ohomology 
lass vanishes. �2.2. Relation with the de Rham 
omplex. Consider the 
ase where
f = (f1, . . . , fn) is an integrable system in the ring R = C[q, p].The ring R has a T = C[t]-module stru
ture de�ned by tia := fia,
a ∈ R. The de Rham 
omplex Ω·

R/T is de�ned by Ω0
R/T = R, Ω1

R/T =

Ω1
R/f

∗Ω1
T , Ωk

R/T =
∧k Ω1

R/T and the di�erential is the usual exteriordi�erential.An element of Ωk
R/T is an algebrai
 k-form in the q, p variables de�nedmodulo forms of the type df1 ∧ α1 + · · ·+ dfn ∧ αn:

Ωk
R/T := Ωk

R/f
∗Ω1

T ∧ Ωk−1
R , for k > 0, Ω0

R/T = R.We show the existen
e of mapping of 
omplexes
(Ω·

R/T , d) −→ (C ·
f , δ).The interior produ
t

v 7→ ivωof a ve
tor �eld v with the symple
ti
 form ω =
∑n

i=1 dqi ∧ dpi indu
esan isomorphism between the spa
e of one-forms Ω1
R and that of ve
tor�elds Der (R,R). If the form is 
losed then the 
orresponding ve
tor is
alled lo
ally hamiltonian, if the one-form is exa
t it is 
alled a hamil-tonian ve
tor �eld.The hamiltonian ve
tor �eld asso
iated to a fun
tion H is the �eldasso
iated to dH , it is given by the formula

n∑

i=1

∂pi
H∂qi − ∂qiH∂pi

.Denote by v1, . . . , vn the hamiltonian ve
tor �elds of the fun
tions
f1, . . . , fn, the mapping

Ω1
R/T −→ C1

f , α 7→ (iv1α, . . . , ivn
α)indu
es a mapping

ϕk :
k∧

Ω1
R/T = Ωk

R/T −→
k∧
C1
f = Ck

f .It is readily 
he
ked that these maps 
ommute with di�erentials, there-fore we get a map 
omplexes ϕ· : (Ω·
R/T , d) −→ (C ·

f , δ).



8 MAURICIO D. GARAY AND DUCO VAN STRATEN2.3. Topologi
al anomalies. An integrable system f = (f1, . . . , fn)indu
es a morphism
f : M = Spec (R) = C2n −→ S = Spec (T ) = Cn.The relative de Rham 
omplex and the 
omplex C ·

f 
an both be shea�-�ed to 
omplexes (C·f , δ), (Ω·
f , d) on the a�ne spa
e M . AsM is a�ne,there is an isomorphism

H2(f) ≈ H2(C2n, C·f)indu
ed by the vanishing of higher 
ohomology groups for the 
oherentsheaves.The map ϕ· of the previous subse
tion extends to a map of sheaf-
omplexes that we denote by the same symbol. By a dire
t lo
al 
om-putation, we get the following result.Proposition 3. The map ϕ· : (Ω·
f , d) −→ (C ·

f , δ) is an isomorphismof sheaves at the smooth points of the morphism f .The dire
t image sheaf f∗CM is 
onstru
tible and de�nes a (maximal)Zariski open subset S ′ over whi
h f is smooth and [10℄Hk(S ′, f∗Ω
·
f ) ≈ (Rkf∗CX)|S′ ⊗OS′.Proposition 3 gives an isomorphismHk(S ′, f∗C

·
f ) ≈ Hk(S ′, f∗Ω

·
f ).There is a 
hain of maps (where we use the notation ∼ for isomor-phisms)

Hk(f)
∼ // Hk(M,C·

f)
∼ // Γ(S,Rkf∗C·f ) EDBC

GF

r

��

Γ(S ′,Rkf∗C·f ) ∼ // Γ(S ′,Rkf∗Ω·
f )

∼ // Γ(S ′,Rkf∗CX)where r denotes the restri
tion.Con
lusion: To ea
h element of Hk(f) is asso
iate a se
tion of thetopologi
al 
ohomology bundle ⋃
Hk(f−1(s),C) −→ S ′.The image of an anomaly 
lass χF will be a 
alled the asso
iated topo-logi
al anomaly.Example 1. Take n = 1, f = pq, the 
omplexes (C·f , δ), (Ω·

f , d) haveboth two terms
OM

d //

ϕ0=Id

��

Ω1
f

ϕ1

��

OM
δ // C1

f ≈ OM .



CLASSICAL AND QUANTUM INTEGRABILITY 9The map ϕ1 sends the one-form pdq ∈ Ω1
R to the 
o
y
le pq ∈ C1

f . These
tion of the 
ohomology bundle asso
iated to pq ∈ C1
f is obtainedby restri
ting the 
lass of the form pdq to the �bres of f . The se
tionasso
iated to 1 = pq/pq ∈ C1

f is obtained by restri
ting the 
lass ofthe form pdq/pq = dq/q to the �bres of f . The 
lass [dq/q] generatesthe �rst de Rham 
ohomology group of the �bre whi
h is in this 
aseone dimensional. Of 
ourse any multiple of [dq/q], su
h as [pdq], alsogenerates this group. There is no H2(f) group for n = 1 and theproblem of quantising an integrable system is in this 
ase empty.Example 2. Take n = 2 and f1 = p1q1, f2 = p2q2. The 
omplexes
(C·f , δ), (Ω·

f , d) have both three terms
OM

d //

ϕ0=Id

��

Ω1
f

ϕ1

��

d // Ω2
f

ϕ2

��

OM
δ // C1

f ≈ O
2
M

δ // C2
f ≈ OM .The map ϕ1 sends the one-form p1dq1 ∈ Ω1

f to the 
o
y
le (p1q1, 0) ∈ C1
fand p2dq2 to (0, p2q2). The se
tions of the 
ohomology bundle asso
i-ated to the 
oboundaries (1, 0), (0, 1) ∈ C1

f are obtained by restri
tingthe 
ohomology 
lasses of the forms dq1/q1 and dq2/q2 to the �bres of
f . The 
lasses [dq1/q1] and [dq2/q2] generate the �rst de Rham 
oho-mology group of the �bre whi
h is in this 
ase of dimension two.The se
tion of the 
ohomology bundle asso
iated to (1, 0)∧(0, 1) ∈ C2

f isobtained by restri
ting the 
ohomology 
lass of the form dq1∧dq2/q1q2to the �bres of f . The 
orresponding 
lass generates the se
ond deRham 
ohomology group whi
h is of dimension 1.The integrable system f = (f1, f2) is quantisable : just take F1 =
f1, F2 = f2. We see in this very simple example, that the obstru
-tion spa
e is non-zero but the integrable system is quantisable. In fa
twe will show that any anomaly 
lass and in parti
ular any topologi-
al anomaly vanishes on C1

f . In all non-trivial example known to theauthors, the group H2(f) is non-zero1Our strategy will 
onsist in proving that topologi
al anomalies vanish.This will show that the anomaly 
lasses asso
iated to an integrable sys-tem are supported on a proper subset. In parti
ular, if the 
ohomologymodules H2(f) are torsion free, then this will prove the quantisation1Trivial 
ases may be obtained by taking a family of fun
tions of two variables
fl(x, y) and to 
onsider the integrable system (λ1, . . . , λn, fλ(x, y)) with Poissonstru
ture ∂x ∧ ∂y.



10 MAURICIO D. GARAY AND DUCO VAN STRATENtheorem. By Grothendie
k's theorem, to prove the vanishing of thetopologi
al 
lasses it is su�
ient to do it in the analyti
 setting. Theproof is based on a 
omplex version of the standard Darboux-Givental-Weinstein and Arnold-Liouville theorems [1, 13, 14, 8, 21℄.2.4. Pyramidal mappings. To 
on
lude this se
tion let us mention a�niteness result 
on
erning the 
omplex C ·
f in analyti
 geometry. Theseresults will not be used in the sequel. A lagrangian variety L ⊂ M ona symple
ti
 manifoldM is a redu
ed analyti
 spa
e of pure dimension

n su
h that the symple
ti
 form vanishes on the smooth part of L.Definition 5. A holomorphi
 map f : M −→ S is 
alled an integrablesystem if its �bres are n-dimensional lagrangian varieties.In parti
ular forM = T ∗Cn and S = Cn we re
over the de�nition givenin Subse
tion 1.2. If f : M −→ S is an integrable system, the module
H0(f) is generated by the 
omponents of f :

{g ∈ OM (U), {f1, g} = · · · = {fk, g} = 0} = f−1OS(f(U)).Definition 6. A pyramidal map f = (f1, . . . , fk) : M −→ S is astrati�ed involutive map su
h that for any 
riti
al point x lying on astratum Xα, the hamiltonian ve
tor �elds v1, . . . , vk of f1, . . . , fk givelo
al 
oordinates around x on f−1(f(x)) ∩Xα, i.e.:
Tx(f

−1(f(x)) ∩Xα) = Span{v1(x), . . . , vk(x)}at any point x of a stratum S inside the singular lo
us of a �bre.There is a natural notion of a standard representative of a germ of apyramidal mapping : it is a pyramidal Stein representative f : M −→ Ssu
h that the �bres of f are transverse to the boundary of M and allspheres 
entred at the origin are transverse to the spe
ial �bre [7℄.Theorem 2 ([17, 7℄). The dire
t image sheaves of the 
omplex C ·
fasso
iated to a standard representative of a pyramidal integrable holo-morphi
 mapping are 
oherent and the mapping obtained by restri
tionto the origin

(Rkf∗C·f )0 −→ Hk(f) = Hk(C·f,0)is an isomorphism.



CLASSICAL AND QUANTUM INTEGRABILITY 113. Darboux theorems in formal symple
ti
 geometry3.1. The formal Darboux-Givental-Weinstein theorem. Considera smooth 
omplex analyti
 manifold X. Let Y ⊂ X be a 
losed an-alyti
 subspa
e de�ned by an ideal sheaf I. Re
all that the formal
ompletion of X along Y , denoted X̂Y or simply X̂, is the topologi
alspa
e Y together with the sheaf of ideal
OX̂Y

= OX̂ := lim←−OX/I
k.We 
all Y the support of X̂.Definition 7. A formal symple
ti
 manifold M̂ is the 
ompletion of asmooth 
omplex analyti
 manifoldM along a 
losed smooth lagrangiansubmanifold L ⊂M .The symple
ti
 stru
ture on M indu
es a symple
ti
 stru
ture on theformal symple
ti
 spa
e M̂ . The formal symple
ti
 manifold M̂ is
alled Stein if its support is a Stein manifold.Theorem 3. Any Stein formal symple
ti
 manifold M̂ supported ona lagrangian subsmanifold L is symple
tomorphi
 to the formal neigh-bourhood of the zero se
tion the 
otangent bundle T ∗L −→ L.Proof. We adapt the proof of Weinstein to our 
ontext [21℄.As L is lagrangian its normal and 
otangent bundle are isomorphi
. Asthe higher 
ohomology groups of a 
oherent sheaf on a Stein manifoldvanish, the analyti
 spa
e M̂ is isomorphi
 to the formal neighbourhood

T̂ ∗L of the zero se
tion in the 
otangent bundle of L [9℄. This meansthat there exists an isomorphism ψ

M̂
ψ // T̂ ∗L.Denote by ω1 the image of the symple
ti
 form in M̂ under the isomor-phism ψ and by ω1 the symple
ti
 form on T̂ ∗L. We interpolate thesetwo symple
ti
 forms

ωt = (1− t)ω0 + tω1.We show that the deformation of the symple
ti
 stru
ture ωt is trivial,that is, we sear
h a one-parameter family of biholomorphi
 maps ϕtsu
h that
ϕ∗
tωt = 0.By di�erentiating this equation with respe
t to t and a
ting by theinverse of the map ϕ∗

t , we get the equation(1) Lvt
ωt + ∂tωt = 0



12 MAURICIO D. GARAY AND DUCO VAN STRATENand vt should be a lo
ally hamiltonian ve
tor �eld tangent to the man-ifold L.We assert that the 2-form ∂tωt is exa
t.There is an isomorphismH·(T̂ ∗L,Ω·
T̂ ∗L

) ≈ H·(L,Ω·
L).The restri
tion of ωt to L vanishes, therefore the 
lass of ∂tωt in H2(L,Ω·

L)also vanishes thus ∂tωt is exa
t. This proves the assertion.Write ∂tωt = dβt, there exists a unique ve
tor �eld vt su
h that ivt
ωt =

αt and this ve
tor �eld satis�es Equation (1). This proves the theo-rem. �3.2. The formal Arnold-Liouville theorem. Any morphism in-du
es a morphism from the formal 
ompletion along any of its �bres.There is a natural notion of an integrable system f : M̂ −→ Ŝ on aformal symple
ti
 manifold : it is the restri
tion of an integrable sys-tem to the formal neighbourhood of a �bre. We shall 
onsider onlyrestri
tions to smooth �bres.We shall use the following relative variant of the Theorem 3.Theorem 4. Let f : M̂ −→ Ŝ be a smooth integrable system. If M̂ is aformal Stein manifold then the map f is 
onjugate by a symple
tomor-phism to a trivial �bration, i.e., there exists a 
ommutative diagram
M̂

ϕ //

f

��

Spec (C[[t]])× L

π

��

Ŝ // Spec (C[[t]])where ϕ is a symple
tomorphism, π is the proje
tion, t = (t1, . . . , tn)and L is the support of M̂ .Proof. The analyti
 spa
e M̂ is isomorphi
 to the produ
t Spec (C[[t]])×
L and there exists a 
ommutative diagram

M̂
ψ //

f

��

Spec (C[[t]])× L

π

��

Ŝ // Spec (C[[t]])where ψ is an isomorphism [9℄.The isomorphism ψ indu
es a symple
ti
 form ω1 on the spa
e
T := Spec (C[[t]]) × L that we interpolate with the given symple
ti
stru
ture ω0 of T :

ωt = (1− t)ω0 + tω1.



CLASSICAL AND QUANTUM INTEGRABILITY 13A one-parameter family of biholomorphi
 maps ϕt su
h that
ϕ∗
tωt = 0.exists provided that there exists a lo
ally hamiltonian �eld vt tangentto the �bres of π su
h that(2) Lvt

ωt + ∂tωt = 0.We assert that the 2-form ∂tωt restri
ted to M̂ is exa
t.There is an isomorphismH·(T,Ω·
π) ≈ H·(L,Ω·

L)⊗ C[[t]].The form ωt vanishes on the �bres of π, therefore the 
ohomology 
lassof ∂tωt in H·(L,Ω·
L)⊗ C[[t]] vanishes. This shows that the 2-form ∂tωtis exa
t and proves the assertion.Write ∂tωt = dβt, there exists a unique hamiltonian ve
tor �eld vt su
hthat ivt

ωt = αt and this ve
tor �eld satis�es Equation (2). This provesthe theorem. �Remark 1. In this theorem the symple
tomorphism is in general notanalyti
 but only formal. To see it, 
onsider the pen
il of plane 
ubi
s
Ca = {(x, y) ∈ C2 : y2 + x3 + ax+ a = 0}.The modulus of the 
orresponding 
ompa
ti�ed 
urve varies a

ordingto the value of a and therefore the a�ne 
urves Ca are not isomorphi
as 
omplex analyti
 manifolds, the family is a fortiori symple
ti
allynon-trivial.Theorem 4 has the following 
orollary whi
h might be regarded as a
omplex version of the Arnold-Liouville theorem.Theorem 5. Let f = (f1, . . . , fn) : M̂ −→ Ŝ be a smooth Stein formalintegrable system, then there exists 
ommuting ve
tor �elds Y1, . . . , Ynwhi
h 
ommute with the hamiltonian �elds of the 
omponent of f andsu
h that ω(Xi, Yj) = δij.Proof. The previous theorem implies that we may restri
t ourselves tothe 
ase whereM is a produ
t T ∗L = Cn×L and f is the proje
tion toCn. The 
hoi
e of this model allows us to �x the ve
tor �elds Y1, . . . , Ynby requiring that they should be tangent to the �bres of the proje
tion

T ∗L −→ L. If we take lo
al 
oordinates (q1, . . . , qn) in L so that thesymple
ti
 stru
ture is given by ∑n
i=1 dti ∧ dqi then the ve
tor �elds

Y1, . . . , Yn are the hamiltonian �elds ∂t1 , . . . , ∂tn of the proje
tion to
L. �



14 MAURICIO D. GARAY AND DUCO VAN STRATENDefinition 8. We 
all a set of pairwise 
ommuting ve
tor �eldsX1, . . . , Xn,
Y1, . . . , Yn on a 
omplex symple
ti
 manifold su
h that ω(Xi, Yj) = δija set of a
tion-angle ve
tor �elds.4. Quantisation of formal integrable systems4.1. A
tion-angle star produ
ts. To a set σ = {X1, . . . , Yn} ofa
tion-angle ve
tors �elds on a formal symple
ti
 manifold, we asso-
iate the a
tion-angle star produ
t

f ⋆σ g =
∑

i,k

~
k

k!
Xk
i fY

k
i gwhere Xk· and Y k· denote respe
tively the k-th Lie derivative along Xand Y .Theorem 6. The a
tion-angle star produ
ts on a formal Stein sym-ple
ti
 manifold (M̂, ω) are all equivalent, i.e., they de�ne isomorphi
sheaves of non-
ommutative algebras.Proof. In the C∞ 
ase these star produ
ts would be Fedosov produ
tsasso
iated to a �at symple
ti
 
onne
tion on (M̂, ω) with Weyl 
urva-ture form −(i/~)ω and are therefore equivalent [6℄, Theorem 4.3 (seealso [22℄ and [12℄ for the more general 
ase of a Poisson manifold). Theholomorphi
 
ase is similar to the C∞ 
ase. We give an outline of theproof in our situation.A set of a
tion-angle ve
tor �elds σ = {X1, . . . , Yn} de�nes a �at 
on-ne
tion on M̂ for whi
h the ve
tor �elds are horizontal se
tions.The normal produ
t on ea
h linear spa
e T ∗
xM indu
es a produ
t in

OT ∗M [[~]] that we denote by ⋆F . For instan
e if M = C2 = {(x, y)}and T ∗M = C4 = {(x, y, ξ, η)} then the only non-
ommutative produ
tamong linear forms is η ⋆F ξ = ξη+ ~. In this 
ase the only non-trivial
ommutator is [η, ξ] = ~.The �at 
onne
tion on M indu
es an isomorphism of a symmetri
neighbourhood V ⊂ M × M of the diagonal with a neighbourhood
V ′ of the zero se
tion in TM . Here symmetri
 means invariant underthe involution (a, b) 7→ (b, a). The symple
ti
 form in M indu
es anisomorphism of TM with T ∗M . In the sequel, we make this identi�
a-tions.Using the �at 
onne
tion, we asso
iate to a ve
tor �eld v : M −→
V ′ ⊂ TM is asso
iated two ve
tor �elds v′, v′′ : TM −→ T (TM) ≈
TM × TM with 
oordinates (v, 0) and (0, v) in the de
omposition of
T (TM) into horizontal and verti
al 
omponents.



CLASSICAL AND QUANTUM INTEGRABILITY 15Given an open subset U ⊂ M , we de�ne the subalgebra Γσ(U) ⊂
Γ((U × U) ∩ V ′,OT ∗M [[~]], ⋆F ) by(3) f ∈ Γσ(U) ⇐⇒ X ′

if = X ′′
i f, Y

′
i f = Y ′′

i f ∀i.Lemma. The algebra (Γσ(U), ⋆F ) is isomorphi
 to the algebra (Γ(U,OM [[~]]), ⋆σ),i.e., for any f0 ∈ Γ(U,OM [[~]]) there exists a unique f ∈ Γσ(U) sat-isfying the system of equation (3) and the map f0 7→ f indu
es anisomorphism of algebras.Proof. To get a 
lear geometri
al pi
ture, let us take the times x1, . . . , xn,
y1, . . . , yn of the ve
tor �elds X1, . . . , Xn, Y1, . . . , Yn as lo
al 
oordi-nates.The tangent bundle has 
oordinates x1, . . . , yn and ξ1, . . . , ξn, η1, . . . , ηnand in these lo
al 
oordinates we have

X ′
i = ∂xi

, Y ′
i = ∂yi

, X ′′
i = ∂ξi , Y

′′
i = ∂ηi

.So, the subalgebra Γσ(U) 
onsist of fun
tions f su
h that
∂xi
f = ∂ξif, ∂yi

f = ∂ηi
f.For ea
h f0 ∈ Γ(U,OM [[~]]) there is a unique f satisfying this systemof partial di�erential equations for whi
h fξ=0,η=0 = f0, namely

f(x, y, ξ, η) = f0(x+ ξ, y + η).The isomorphism of both algebras is immediate. For instan
e we have
yj ⋆σ xi = yjxi + ~δij .The linear forms yj , xi ∈ Γ(U,OM [[~]]) 
orrespond to the linear forms

yj + ηj, xi + ξi ∈ Γσ(U). The 
orresponding normal produ
t is
(yj + ηj) ⋆F (xi + ξi) = (yj + ηj)(xi + ξi) + ~δijas ηj ⋆F ξi = ~δij. �Given two sets σ = {X1,σ, . . . , Yn,σ}, σ

′ = {X1,σ′ , . . . , Yn,σ′} of a
tionangle ve
tor �elds, there is in ea
h tangent spa
e TxM a unique map
Ax whi
h sends the i-th ve
tor in the list σ to that of the list σ′. Thus,we get an isomorphism

A : TM −→ TM, A∗Xi,σ = Xi,σ′, A∗Yi,σ = Yi,σ′ .The mapA indu
es an isomorphism between the algebras Γσ(U), Γσ′(U)and therefore of the sheaves OM [[~]] with the star produ
ts asso
iatedto σ and σ′. This 
on
ludes the proof of the theorem. �



16 MAURICIO D. GARAY AND DUCO VAN STRATEN4.2. The lifting property.Proposition 4. Let f = (f1, . . . , fn) : M̂ −→ Ŝ be a smooth integrablesystem de�ned on a Stein formal symple
ti
 manifold M̂ . There exists
⋆-
ommuting elements F1, . . . , Fn ∈ Γ(M̂,OM̂ [[~]]) whi
h lift f1, . . . , fn.Proof. Denote by X1, . . . , Xn the hamiltonian ve
tor �elds asso
iatedto f1, . . . , fn. By Theorem 5 there exists a set of a
tion-angle ve
tor�elds σ = {X1, . . . , Xn, Y1, . . . , Yn}. The fun
tions f1, . . . , fn 
ommutefor the star produ
t ⋆σ. By Theorem 6, there exists an isomorphism ofsheaves

ϕ : (OM (M̂)[[~]], ⋆σ) −→ (OM(M̂)[[~]], ⋆)where ⋆ denotes the normal produ
t in M ⊂ T ∗Cn. The elements
F1 = ϕ(f1), . . . , Fn = ϕ(fn) 
ommute for the normal produ
t and lift
f1, . . . , fn. This proves the proposition. �We may be even more pre
ise.Proposition 5. Let f = (f1, . . . , fn) : M −→ S be a smooth integrablesystem de�ned on a Stein formal symple
ti
 manifold M̂ and let G =
(G1, . . . , Gn) ∈ Γ(M̂,OM̂ [[~]]/(~l+1)) be an l-lifting of f . There exists
⋆-
ommuting elements F1, . . . , Fn ∈ Γ(M̂,OM̂ [[~]]) whi
h lift f andproje
t to G.Proposition 5 will be redu
ed to Proposition 4 by showing that allliftings are isomorphi
. Let us now explain in whi
h sense these liftingsare isomorphi
.If we 
ompose an integrable system f = (f1, . . . , fn) : M −→ S witha biholomorphi
 map ψ : S −→ S ′ we get another integrable system
ψ ◦ f . This pro
edure 
an be quantised: 
onsider an automorphism
ψ =

∑
k akz

k ∈ Aut (Γ(Ŝ,OCn[[~]]n)) then ψ ◦ F :=
∑
akF

k is also an
l-lifting of f .Proposition 6. Consider the �bre L of a smooth Stein lagrangian �-bration f = (f1, . . . , fn) : M −→ S. Let F1, . . . , Fn, G1, . . . , Gn, Fi, Gi ∈

Γ(M̂,OM̂ [[~]]/(~l+1)) be two l-liftings of the integrable system f . Thesetwo liftings are equivalent in the formal neighbourhood M̂ of L =
f−1(s), i.e., there exists automorphisms ϕ ∈ Aut Γ(M̂,OM̂ [[~]]/(~l+1)),
ψ ∈ Γ(Ŝ,C[[~]]) su
h that

(ϕ(G1), . . . , ϕ(Gn)) = ψ ◦ (F1, . . . , Fn).Proof. Denote by Xi is the hamiltonian �eld asso
iated to fi. By The-orem 4 and Theorem 6, we may repla
e M̂ by L×Spec (C[[t]]), f by theproje
tion on L and the normal produ
t by the star produ
t asso
iated



CLASSICAL AND QUANTUM INTEGRABILITY 17to a
tion-angle ve
tor �elds X1, . . . , Yn with Yi = ∂ti .Let us prove that any l-lifting F = (F1, . . . , Fn) of the type
F1 = f1, . . . , Fj−1 = fj−1, Fj = fj + ~

lgj, . . . , Fn = fn + ~
lgnis equivalent to an l-lifting F ′ = (F ′

1, . . . , F
′
n) of the type

F ′
1 = f1, . . . , F

′
j−1 = fj−1, F

′
j = fj , Fj+1′ = fj+1+~

lg′j+1, . . . , F
′
n = fn+~

lg′nThen by indu
tion on j and l this will prove that any lifting is equiv-alent to the trivial lifting f1, . . . , fn and will 
on
lude the proof of theproposition.The symple
ti
 form indu
es an isomorphism between one-forms andve
tor �elds. Let ϕt be the �ow of the ve
tor �eld v asso
iated to theone-form α = −gjdtj at time t. The quantisation of ϕt evaluated at
t = ~

l gives an automorphism whi
h maps F to F ′. This 
an be seenlo
ally : the restri
tion of the one form α to a 
ontra
tible open subsetis exa
t α = dH and gj = −{H, fj} = −LXj
H , that F is an l-liftingimplies that {H, fi} = 0 for i < j. The automorphism ϕt, t = ~

l, isde�ned by
A 7→ exp (~l−1H)A exp (−~

l−1H).This automorphism depends only on dH and not on the 
hoi
e of H .It maps F ′
i to F ′

i + ~
l{H, fi} = fi for i ≤ j. This 
on
ludes the proofof the proposition. �4.3. Proof of theorem 1. By Proposition 5 all topologi
al anomaliesvanish. Therefore the anomaly 
lasses are supported on the singularvalues of f . If H2(f) is a torsion free module, there is no se
tion ofthe sheaf supported on a proper subset. This shows that any anomaly
lass vanishes and 
on
ludes the proof of the theorem.Referen
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